In this paper, we rigorously prove the existence of chaos in a class of delay difference equations, which can be viewed as a discrete analogue of a one-dimensional delay differential equation by using the Euler discretization. We first transform this class of delay difference equations into a high-dimensional discrete dynamical system. Then we prove that the map of the system is chaotic in the sense of both Devaney and Li-Yorke under some conditions, by employing the snap-back repeller theory. Finally, we give some computer simulations to illustrate the theoretical result. MSC: 34C28; 37D45; 74H65 Keywords: chaos; delay difference equation; snap-back repeller; chaos in the sense of Devaney; chaos in the sense of Li-Yorke
Introduction
Time delay arises in many realistic systems with feedback in science and engineering. It is well known that time delays in feedback systems can have a considerable influence on the qualitative behavior of these systems. The existence of time delay may lead to some complex dynamic behaviors such as oscillation, divergence, bifurcation and chaos; see [-] , and many references therein.
Recently, some researchers used the Euler discretization to explore the complex dynamical behaviors of nonlinear differential systems, such as determining the bifurcation diagrams with Hopf bifurcation, observing stable or unstable orbits, and chaotic behavior; see [-] etc. However, some complicated behaviors such as chaos which they observed were obtained only by numerical simulations, and have not been proved rigorously. It is noted that there could exist some false phenomena only by virtue of numerical simulations. Therefore, the existence of chaotic behavior of these systems needs to be studied rigorously.
In this paper, we study the chaotic behavior of the following delay difference equation:
where α, β are nonzero real parameters, and k is a positive integer. Equation (.) can be viewed as a discrete analogue of the following one-dimensional delay differential equation by using the forward Euler schemė x(t) = -μx(t) + γ x(t -τ )  -x  (t -τ ) , (  .  ) http://www.advancesindifferenceequations.com/content/2013/1/99
where μ >  and γ are real parameters, τ >  is the delay. Equation (.) has been studied by [, ] for the periodic solutions, and it is a special case of the following equation:
x(t) = -μx(t) + f x(t -τ ) , (  .  )
where μ > , τ >  is the delay, and f is a one-dimensional nonlinear function. 
To the best of our knowledge, the research works on the chaotic behavior of equation (.) or its discrete analogue (.) with rigorously mathematical proof up to now are still few. The main purpose of this paper is to study the existence of chaos of equation (.) by using the snap-back repeller theory.
The rest of the paper is organized as follows. In Section , some basic concepts and lemmas are introduced. The transformation of the chaos problem is given in Section . In Section , it is rigorously proved that there exists chaotic behavior in the delay difference equation by using the snap-back repeller theory. Finally, an illustrative example is provided with computer simulations.
Preliminaries
In this section, some basic concepts and lemmas are introduced.
In , Li and Yorke [] considered a one-dimensional continuous map and obtained the well-known result, that is, 'period  implies chaos' . They first used the precise word 'chaos' . However, to the best of our knowledge, there is no unified definition of chaos in mathematics up to now. Depending on the requirements in different problems, there appeared several different definitions of chaos, some are stronger and some are weaker. For convenience, we present two definitions of chaos in the sense of Li-Yorke and Devaney.
Definition . Let (X, d) be a metric space, f : X → X be a map, and S be a set of X with at least two distinct points. Then S is called a scrambled set of f if for any two distinct points x, y ∈ S,
The map f is said to be chaotic in the sense of Li-Yorke if there exists an uncountable scrambled set S of f .
There are three conditions in the original characterization of chaos in Li-Yorke's theorem [] . Besides the above conditions (i) and (ii), the third one is that for all x ∈ S and for all periodic points p of f ,
But conditions (i) and (ii) together imply that the scrambled set S contains at most one point x that does not satisfy the above condition. So, the third condition is not essential and can be removed. (i) A point z ∈ X is called an expanding fixed point (or a repeller) of f inB r (z) for some constant r > , if f (z) = z and there exists a constant λ >  such that
Otherwise, z is called a singular expanding fixed point of f inB r (z). (ii) Assume that z is an expanding fixed point of f inB r (z) for some r > . Then z is said to be a snap-back repeller of f if there exists a point x  ∈ B r (z) with x  = z and f m (x  ) = z for some positive integer m. Furthermore, z is said to be a nondegenerate snap-back repeller of f if there exist positive constants μ and r  < r such that We now present two lemmas which will be used in Section . The following Lemma . is similar to that Lemma . in [] . Remark . In Lemma ., it is only required that f is continuously differentiable near z and x j ( ≤ j ≤ m -). So, it is easy to be satisfied by many maps in practical models. 
Transformation of the chaos problem
In this section, we will transform the delay difference equation (.) into a (k + )-dimensional discrete dynamical system, and give some definitions about chaos of the two systems. Let u j (n) := x(n + j -k -) for  ≤ j ≤ k + , then system (.) can be transformed into the following (k + )-dimensional discrete system
. . .
The map F is said to be induced by f , and system (.) is said to be induced by system (.). It is evident that a solution {x(n -k), . . . , x(n)} 
Chaos in the system
In this section, we will investigate the chaotic behavior of system (.), i.e., system (.), by showing that there exists a regular and nondegenerate snap-back repeller under some conditions. http://www.advancesindifferenceequations.com/content/2013/1/99
Consider the fixed points of system (.). From F(ū) =ū, we obtain that system (.) has the following three fixed points for Proof The idea in the proof is motivated by the proof of [, Theorem .]. We will apply Lemma . to prove this theorem. So, it suffices to show that all the assumptions in Lemma . are satisfied. It is clear that the map F in system (.) is continuously differentiable in R k+ . So, F satisfies the differentiability in Lemma ..
First, we show that there exists a positive constant β  such that O is an expanding fixed point of the map F in some norm in R k+ for any |β| > β  . In fact, the Jacobian matrix of F at O is
Its eigenvalues are determined by
Let β  :=  + |α|. From (.), we get that all the eigenvalues of DF(O) have absolute values larger than  for any |β| > β  . Otherwise, suppose that there exists an eigenvalue λ  of DF(O) with |λ  | ≤ , then we get the following inequality:
which is a contradiction. Hence, it follows from the first condition of Lemma . that there exists a positive constant r and a norm · * in R k+ such that O is an expanding fixed point of F inB r (O) in the norm · * , that is,
where γ >  is an expanding coefficient of F inB r (O), andB r (O) is the closed ball centered at O ∈ R k+ of radius r with respect to the norm · * . 
For k = . From Lemma ., it follows that there exists a positive constant β  such that for any |β| > β  , there exist two points x  , x  ∈ U satisfying the following equations:
For k > , it also follows from Lemma . that there exists a positive constant β *  such that for any |β| > β *  , there exist two points x  , x  ∈ U satisfying the following equations:
snap-back repeller of F for |β| > β  . Now, we shall show that for |β| > β  ,
where
It is obvious that h(x) is continuously differentiable on R and satisfies
(.) http://www.advancesindifferenceequations.com/content/2013/1/99
Hence, from the second conclusion of (.), it follows that there exists a sufficiently small neighborhood U  ⊂ R containing  such that h (x) =  for all x ∈ U  . We can take sufficiently large β  such that x  , x  obtained above also lie in U  for |β| > β  and satisfy equations (.) or (.). Consequently, we have
A direct calculation shows that for any u = (u  , . . . , u k+ )
It follows from the second conclusion of (.), (.) and (.) that for |β| > β  ,
Hence, from the second conclusion of (.), (.) and (.), we get that for |β| > |β  |,
Therefore, all the assumptions in Lemma . are satisfied and O is a regular and nondegenerate snap-back repeller of system (.). Therefore, system (.), i.e., system (.), is chaotic in the sense of both Devaney and Li-Yorke. The proof is complete.
Remark . From the proof of Theorem ., we see there exists some positive constant β  such that for any |β| > β  , system (.) is chaotic in the sense of both Devaney and LiYorke. However, it is very difficult to determine the concrete value β  since the expanding area of a fixed point is not easy to obtain. This will be left for our further research.
Remark . The system (.) consists of a k-dimensional linear subsystem and onedimensional nonlinear subsystem. That is, the folding and stretching only occurs in the variable u k+ , and all the other variables u j are replaced by u j+ for  ≤ j ≤ k. So, system (.) can be viewed as one of the simplest systems that can show higher-dimensional chaos. Consequently, system (.) can be viewed as one of the simplest delay difference systems that show chaos.
In order to help better visualize the theoretical result, two computer simulations are done, which exhibit complicated dynamical behaviors of the induced system (.), i.e., system (.). We take α = -., β = ., k = ,  for computer simulations. 
